
Ahsophon and emission



GOALS :

Understand the width and profites if the spectral lives

Link them to

· excitation and relaxation of atoms
· population of the different atomic energy levels

· gas composition

We will go through a microscopic and quantic

description

In order to fully alpociate its need andpower,
we will start by a classicat approach and show

its limits.



let's express af as a function of physical quantities

To this end , we will use : the equations which describe the propagation

of waves ,
even if refracted and their absorption.

---

-> Maxwell equations

We use the convention Ev = Ere(wt-ex)
=Eir(t)

·

1
n = n - in n = refraction index

n = absorption index

if his complex : Ev = Evo
:Cr (t-1x + in'x)

-

We can isolate the real and complex (imaginary) terms :

Er = Er e-m C

2Tir (1-)

Phase velocity = En
We have a dambed wave Fr = Ie-4ntru

- ky px
= To e

=> Kup= Ital
-

r



We define
·

( = KP

K =
4Trm

=

2 ww
with. W = &T

C 2

Hence we need to know n' in order to calculate 1

let's consider the motion of e in an electromagnetic field ~

m

Equation of motion :mai- Ede

F !
c : mass = Me charge =e.

· Lorentz force e (E+ &

· Restoring force due to the interaction with the nuclei
, acting to

bring e-back to its original position :
-
Ku

E

a Resistire (friction) force propetional to the e-velocity ,
-

from the collisions with the surrounding particle
/

- me U di
dt

in 1D mer = -merdx-kx +eEit (1)

We will reglectJ

> As to re, incase E slowly varying over 19 ,
the

displacement is ~19 , so we can simplify with U = 0



(1) is the equation of an oscillator of Solution

x(t) = Xoe
i(wt +1) -et
with no = Xoe'

() = i + Vei + won = Et with w?
me

&

-

we can insect u(A) in the equation ;

- weno + in Uno + wono-E

=> No =
e En

me wow + in]

Let N be the number of dipoles bo unit volume

lett be the dipote moment of each dipote
let i be the displacement of thenegative charges with regard

to the barycenter of the contre charge

polarisation is ↑= Np = Neu = XrE

Xr=Le
Electric susceptibility



X
r
=

Ne2 1

susceptibility
me wo-w + in

and

Er = 1 + 4πXr =m2 dielectric constant

Er = 1 + 4 etirw
We are looking for h ! 42

= (n-in') = n- 2

-
Lina

In order to isolate the reat and imaginary terms , we
~

must multipty by .

(wow) + it w

2- 2 = 1 + 4TNe2
Wowh

This gives S =

me (w:-w2)"+rwe

un CTTNe? Ww

me (w
.

2
- w2)+V

uB-w'2 7 reat part , refraction
un'

>.. imaginary part , ansoption



Approximation 1
In low-density medium

,
such as the stellar atmospheres, or the

Interstellar medium , one can take the vatues of the vacuum
&

n =1n1

=> un' = n' and -wh~n

Refraction : h2
-
1 =

47 Ne2 wo-wh

Me (wo-wa)+U
wh- 1= (n+ 1) (n - 1) and - no1

n - 1 = 2(n - 1)

=> n- 1 =
&TNe Wo-wh

m2 (wo-w2+2

we can also consider the relation with the frequency o

w =
2π k

= 2πw = 2πr
T J

V-~2
h- 1=ee Creat Nor

42



absorption

N: = Sw was our starting point

un'vn'n CTNe2 Ww

me (wo2-w2)+22

=>Gi = TNe 42r

me 45h (2204)"+22

Approximation & Close to resonance (hr= Energy)

Vo-v? zu (ro-r)

n- 1 =
Net Vo-r

Hitmer (ro-v)"+(

Kr TNe 2

Me C #"(ro-v) 02
T
-

v

Lorentz Profile



The width of the Loventz profite = natural width of a line

k1 = TNe z
with Du = ro-r

mec 4br + I
Spectral
line A

K'is maxiummfor r= ro

als
. max--- =

Un

Mle
Do
tot

"Autot
2

& max Kiax : TNe = ENme c 2
4

max =Ce
E =

~

42Axe + E

-(4i bry + E) = 2 4

4/ =V4

Ir= Arc= Aut



In " practical" terms :

1 = time for the dipote to decrease by a factor e
j

2 weV = ↳
23 me 4 Ep

Eo = /vacuum permittivity = 8 .85 10-12 C
>
N
+ m-2

Lifetime of an energy levet = 1 = 10- % in the optical
G

~ 5000 7

Natural width Ax==0
HARPS R = * =

105 &5000 A = 0 . 05A
.... (x40

anomalous dispension

Normality

= refraction

↑

Formatiserie
& with s

Vo ro Vo+E
↑ maximum absorption



the total opacity is obtained by integrating the hountz profite
over all frequencies .

↓ TU diC'
= TNe (o -V+ 2

4

let a= 45 (v . vo)/0 -> Nez % de

s

xmec un +2

Note : -D comes from v= 0 x--
arctance]

-so

= Il

In our notations U= ; = .
Friction Difficient
in Eg/s( et M=e ; 5 electronic conductivity y 107 S

&

↑

It follows K = TNez
· me = 9 . 10910-3 kg

me c
- 2 = - 1 .60210-192

&

Classical physics considers only one single opacity
whatever the transition !



Quantum mechanics shows that the opacity canvarya lot
depending on the transition

One usually write C' = TNie" fij
mec

fig =
oscillator force of the transition ic j

Ni = number of depotes/oscillators be unit relete
which can absorb one photon for the transition. if

fij -> 1 for the strong transitions/lives (strong opacity)

f(a) = 0
. 64) f(tp) = 0 . 119

In quantum mechanics DE =En uncertainty on

the atom energy that spend a time'T inthe state of energy Eo

Its energy lies between Eo-t and Eoh
F T

This produces the width of the line

a



Let's consider2 levels : tower =- upper = s.

U
> Pi + *s Sum of dampings of the two levels

-

*
> Ni fis fis oscillator forcenumber of e-intos

i - s . as calculated in laboratoria.
L

Ni = number of e on the energy livee
i

as given by the Boltzman-Saha equation

9

Vo > Vis = Enti
It follows K =

Te Nifis Ti + Ts

me C ht -v) (Titis)



Absorption , spontaneous emission
,
stimulated emission

Einstein coefficients
Given & quantized energy levels u and n

h Nu

-TrB(nin)" -A(n ,n') + B(n ,n') In Nur
n'

A(n . n') = Spontaneous emission , does not need incident radiation
B(n , n) = stimulated emission , transition rate

& (n' , n) = absorption , transition rate

In the caseof a blackbody ,
the themat equilibrium requires that

the-number of emission = ub of absorptions
Nu'Bun Fr = Nu (Ann' + BuniIr)

Nu Anwe

leading to Iv =

(Nu'Bun - Nu Burt
Anne 1

Tu =

Bur Nu' Bun'
-

Nu Bu'n



For an ideal gas , the population of the energy levels follows the
A

Maxwell-Boltzmann law ↓ of particles -Ei/kT
NE

Ni =
-

Igje-Elki
die

probability to

find a particle ↑

on the level e

Temperature of The degeceracysystem
D

En-Enl

One can write

·

N = A, et
which we can insant in the formula of Ip

Anne 1

Iv =

Bun Anhr/Burea
gu

Ir = Ann'im
1

A Bun EBin e - 1
For a blackbody Ir = Br(t)



1
Iv = Br(i) = Ghosar12-
=> Ann

En se

22

& Enl Bun
= 1 (=> gr/Bun' = grBun

En Bun'

Ann'
,
Bun et Bun

are the Einstein coefficiel
If one is known

, the others are also known -

High Frequenciés ↳
Wien law

Br(t) = Che
and

1
Iv = A

an Brett
FBun' = Ann' e-hulkt
-
= 1

un
1

=> Bun' IrAnn'
spontaneous emission dominates - Ann' ~ 108a 109s-1

radiative time of
1085

One atom



how frequences 1

e

ar/kt
- + + ( ) +....

Bun' Iv = Annl RT
= BunChrshu

~

-1
Stimulated emission

dominate

An intuitive explanation of the stimulated emission process
I

For significant stimulated emission to occur ,
the upper energy leveln

must be sufficiently populated relative to the lower levet n . Idealty

a population inversion is required : Nu> Nul
Si hTho

,
collisions will not be alle to excite the atom to the une

energy levil , which will therefore remain spasely populated . The probability
that a photon of frequency r will encounter an excited atom is low.

In the infrared domain
,
hr is small (X is large) , and therefore NuwN· S

.

The probability of finding atoms in the excited state is thus comparable

to that of finding them in the lower level n ! As a result
,
the

probability of stimulated transitions is high
-> MASER



We will try to express Mn (rate of radiative decay (
in a clearer manne in the case of spontaneous emission

Mr + PulKi=er Nu funde
41 (Vo-r)+ (4n + 4y')

2

4
with En-Enl

No =

h

Let's write the variation of Nu with time
S

AN = -Ne An

let's consider a normal atom
,
with a range of levels"

AN = - Nutu The starting frome
can end on a range
of n'levels ~

A

-

=> ↑n = & Ann
and Nu = Ne-tut

mean lifetimein = En -
of the breem



In the case of high temperature and high radiation density , one must

consider the general case , that means take into account absorption
-and

~

stimulated emission

Let's Consider n' < nu"

↑n = ZA(n) + & Blu ,n')[ (run) + ZB(an")Itrun)
---

spontaneous emission stimulated emission absorption

↓
Note : ionisation is considered in this term

as absorption indeed , even if the

energy levet is not quantized.



Spectral lines , either in emission orahsophous ,
are linked to the

transitions between quantized levets of an atom or motecute. These levels

are not infinitely thin , heuse the line is broadened.
S

Causes are manifold : natural width as a result of the time spent

on an energy level , that can be aftered by collisions , Dopper effect
de to themat motions , turbulence , large scate motions

,
etc.

&

Live profite : P(v)) , such that 1 p(r)du = 1

↑

P(r)do = probability of absorption ..i
·

p(v) is centered on vo Go

Variation of the population of the lower levet :

dNn'
= Ann Na + Buri Nute - Ban Nul in

dt

= !ur (r) do
Energy density of the radiation
averaged over the-line profite

Spectrat and volume density of radiation : no = +(7d(inv)

and = Per-PIrEA)



& line

One can deconstrate
·

jp= Annd() e
↑

and Kp=h PD) Nu'Bun [Bun N

,
If thepopulations of the energy levels follow the Bottzmann

#ph P() NBun[-En-en 1hT]
~

= 1 (blackbody)
Previous estimate :

Si=et Nulfun Nu + tu

meC #
*

(vo-v)+ (4n+ 4n's

was not corrected for the stimulated emission

It is now corrected

Ev= P(r) Nu'Brin [1-ehrld
~

correction factor
Validin LTE



source function S'=-Nu
Ann (r)

hr p(r) [Na-Brin - NuBan']
Su =

Nu Ann'

Nul Bun - Nu Bun

we have Bum

Bun3
> Su = Ann 1

and

↑ Bun An Bun-a
Si Chr 1

-

2 Nul In-1
C

No Inl

There are three interesting cass :

① Thermat emission (LTE) ,
small thermat variation

satisfied when number of transitions per collisions

7
transition by radiation

② Non thermat emission (Howeverwith normal
populations (

③ Population inversion

S

Un



① Thermal emission

Nul
=

En ef
=> Su =Br(t)

Nn En

② Non-thermal emission

hrIkT Populations are not

Me described by a Boltzmann
distribution.

-

& The population ofteach levet must he calculated

(e-1 even beyond LE S
③ Population inversion

The absorption coefficient becomes negative

Krps (1-Bur M) = (1-
kiP1 -

-

The intensity increases !!
-1

if t 100 Fr(h) = Fr(o)e-Kre = Erloje
- Er

e

100
~ 1043



We had derived some relations involvingoscillator force
What are these forces !

Let's consider the ahsaption only : PK? = Nn'
Bun hu P(r)

4

coefficient of absorption for on line . =
2 = Je ne

I p? du = Nu' Bun (r) pC do4
line line

↓
Umin-Vwax

= Nr'Bunhr (( P(r)d- =-L

=
The ? Nulf
me C

=> f = mec Bunhu = 7
. 484 10

- 7 Bun

45Teh ↓ (A)

Bun
=&C A se

=> f-mech An Ann = 1845 An e
In



Relation between the relation force of a line in emission/absorption
↑

:
In bem = Gu fabs

log gf is tahulated

is catcuted from atomic physics

Broadening mechanisms
&

↑

How do we measure a line ?
-

Equivalent width

T
nEx

......-C

w
7 >

d Ad

Nj =1 F d)

[wj]= P



① Broadening by collisions

The interactions and collisions between particles result in
additional de-excitation- > Shorten the lifetime of the

apper energy levet u .
This induces a broadening of the line , that

involve this level.
·

Lorentz share broadening

There are 2 possible approaches , depending on the physical conditions

① One considers eachcollision individually , making the hypother's
that the radiative particle is not perturbed between 2 interactions and

that the duration of the interaction is short compared to thetime between

2 interactions.
-

② One associates a glohat effective potential with the interactions

which can change with time

· ① to get an order of magnitude of Vcoll , dumping constant , one considers tcoll
mean duration time between collisions

- Vot ~ 1 vup Trorv T roll
&

·
up = number of particles/volume
v = particle velocity relative to the radiative atom

Up = interaction radius



= depinds on the medium temperator in
and type of particle.

ma = atom mass
&

mp = mass of the petunating henticle.

·② The interaction potential depend on the type of particle

-> If neutral hydrogen atom , dipole potential Van der Waals
S

Force In 1
r6

-> If elections onious ,
Contomb hotential

Force int long range
&

So
, contrary to the natural width

,
the collisional broadening depends

& -

on thedensity of particles , temperature , ionisation rate of the mediism.
-

One can use the line widths to inter these parameter

Stot : Unaturel + 0 coll-

(damping factor in the initial

equation of motion



⑬ Thermat broadening
Each atom ahsobs at frequency to in its reference frame but at

/

= ro (1+ W) in the observer reference frame because of its thermal spied
.

Un = velocity towards observer

In 1 dimension : f(ru)=Nedi

In LTE the velocity distribution follows a Maxwell distribution

dNu
=

distribution function of theparticle that can intercept
N

photons of frequencer , resulting from their velocity shift.

v = Vo(1 + 2) => Vu = 1(V - vo)dru=
vo

= exprv

Doppler width : Ard=1

f(ru) = dMn= exp)Le



f(un) is a gaussan with full width at half maximum

Aye =2 =2

One must sometimes take into account glohat motions , such as turbulence in the
p

gas , in addition
to thermat motion

.

In such a case , one can add sturb to

the thermat velocity and the Dopple broadening is written as :

DuittT

Note. d(r) = d = E arc I
if each atom absorks or emits an infinitely thin line.

② Combining Doppler , natural , and collisional profit

Each of these processes leads to line broading. Combining them results

in a profit which is the convolution of each , making the assumptionthat

they are independent.

Gauscian profite [Thermat Dopnter and turbulence]* Loventz Notith [Naturat and collisions]
= Voigt profile



Voigt function
& -y2

2Ala
, u)=2

+ (u - y)2
d

with a =
2

l =
V- Vo

4 DVD Dr
p

Y=

There are other sources of broadening

-> Macroscopic Doppler effect (macroturbulence , rotation)
-> Zeeman effect (magnetic field)
-> Stark effect (electric field , for Handthe)

Doppter width of a line at 50007 due to. thermat motion
S

one must choose an element
Ary=-> here Fe

-

AJd =E Ava= De
C

Ad = 1 Near k = 1 . 38110-23J.
K

56mH C =
2

.

99108 m
.

n
-1

mi=
1

. 63 10-27 kg
.

Ada = 0 .022 a



How does the width of a line dependion the mass of the

chemical element ?

Dub -

The more massive the element
->

the narrower the line

Continuous · absoptions.
M Corresponds to elections scattering

let's consider again the classical equations with n = -in

n- 1 = Ne2 ro2-r
2π me (r

.
2 v2)" + 032SKv =

TNe 40r2
42

mec 4Th (vr2+ Un

Unbound case : We are far from resonance
-

·
V> Vo

the terms in V2v2 dominate

Ne2 1
-

h- 1 =

Cime U
.

2-vC i =LeSer , =ONY
Te

3me +[(8) 1/2



8 Vo KI can be further · Kv = Kpp =
STNe"

=
ate

simplified 3me4

p

·

Thomsonopacity

For free elections KrP= 0. 66 102"me cent

isotropic and independent of

·
The Thomson cross : section 5th is defined as KrP=Meh

52 = Er =
0

.
66 10

Me.= P (1 +X) ; X = Hydrogen mass fractionon

· Opacity of Thomson scattering =E =

En me

P
( = 5h (1+x) = 0 .2(1+x)a2g - 1

2mH

Given Fir a 1 Diffusion by the nuclei is negligible .

m2 P

-Fh =(e-Se

-> Importantfacher in the atmosphere of the hottest stars .



Bound case Vou
&

Gr = STNe4 1

3 mec [11 - 1/c VTNEPr
Rayleigh scattering

a 1/4
Solar Shectrum
-

- Blue is more scattered

- than the rest

↑ 1000 sor 3
-

blue sky .

I

:

The Rayleigh scattering can be important in the atmosphere of
G and K-type stars [5000K -6000K , 3500 - 5000K , respectively]
in wich most of the atoms areI in it fundamental state

visible photons have v to where ro is the hyman series

frequency



"Towards the curve of growth
"

lefts consider thetransfer equation in its globet form

der = Pir-KI

optical depth : Er =) kids = drv = kids

=> d : So-In

let's consider the case of an absorption lime , no emissivity and homogeneous modium
z ③

d =-

=I
=> Iv = Ir

,

ce- with. Ir,
,
c
continuum

To varies with V in the line

One can nomalite the Spectrum F =E =
e

similarly in 1 : E= e
~
T



Equivalent width : Wg = 1
.

"

Es -Is

CEQW) Id
,
a

No = 1. Fr. - In & Wa = (Wo
Ir,

For an unresolved source : Wj = 1
Es ,c -Ed)

Fa
,
c

The equivalent width is a direct estimate of the number of absohing atoms

on the line of sight

Property of the EQW : It is not modified by the spectrograph.

Indeed
,
the convolution by a namatized profile mesives the integrat.
·

if h= g * b I normalized profile

Jh(x)dx = ( g(x)dx)bdx = (g()dx

For a Vigt profite W = /[1-eTrotta
, n)

y du
with Tr = Tr

,
0H(a , m)



letts be more explicit now ; Let's considera layer of thickness e ; N the concentration

· of the hoputation of interest , f the oscillator strength .

-

-

↳

Tr=l (homogeneous medium)
= ar Ne

= a
.
Ne Dr

with do = trf(1-e
C

Indeed we' had demonstrated :
Gu = hu

p(r) MurBrn[1-e-hr/kT]
4TT

and : f = mec he Brin

452e2

-> C = f P(r)Musec [1-e-hrltT
=> Wr =(1-e-NeasPry dr



-weak- lines

optically thin medium : Tr 1

=>Mla s fr1

partial fraction decomposition > Wr = Nao du = Neau
Curve of growth : variation of W as a function of the ahundance of a chemical

&element. It is linearly proportional to N and Ne = projected
S density = column density.

&

Validity : weak spectral lines , interstellar lines in the optical and radio domains
&

Very favorable domain to derive ahundance-

strong lines.

When the number of alsabers increase ,
the center of the line becomes increasingly

optically thick. The contribution of the line wings 15 still negligible , howeve
&

even if N inciets , the abseption does not razy much

One can show that W varies as log N
The absorption is still due to the Doppter effect.



Very strong lives

The wings of the live cannot be reglected anymore

W . vacies as
N




